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We have developed an accurate, fast, and easily implemented approximation for atomic orbital- 

electron repulsion integrals (AO-ERI’s), which is called as asymptotic expansion (AE) [1]: 
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Eq. (1) is an AO-ERI, and Eq. (2) is the AE, ��∗  is the �th AO basis function, �� is the coordinate of electron 

1, ���  is the average position of the centers of ��∗  and ��, and ���  is the overlap integral of ��∗  and 

��. AE becomes more accurate when the distributions of two electrons are more distant to each other. 

This has been shown numerically in ref [1] and is also analytically proven by performing the Taylor 

expansion of Coulomb operator 1/!� in the Eq. (1) as follows. 
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Eq. (3) can be accurate if |�0| 	> |�|. By taking �. as  ��� − �01, and considering only the first term 

of Eq. (3), Eq. (2) is obtained. Eq. (3) manifests that the accuracy of AE is to be improved by 

including the second and higher order terms. In this work we implement AE including those higher order 

terms in a program of ab initio crystalline orbital Hartree-Fock theory, and show the actual 

improvements and efficiency of calculation for solid state systems. Note that the potential applicability 

of AE is not limited to solid state systems but it is also applicable to large molecules where long range 

interactions cannot be ignored in AO-ERI’s. Namely, AE can be an efficient method for calculations of 

large molecules such as proteins with ab initio molecular orbital theory. 
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