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The fundamental theorem of time-dependent(TD)/time-independent(TI) density 
functional theory (DFT) due to Runge-Gross(RG)/Hohenberg-Kohn(HK) proves the 
bijectivity between the density ρ(rt)/ρ(r) and the Hamiltonian H(t)/H to within a function 
C(t)/constant C, and the wave function Ψ(Xt)/Ψ(X).  (The proof is for arbitrary external 
potential operators that are scalars.  Also implicit in the RG theorem is that the initial 
condition on the wave function Ψ(Xt0) is fixed.)  As such, in DFT, the wave function is 
considered as being solely a functional of the density: Ψ[ρ(rt)]/Ψ[ρ(r)].  Since the density 
ρ(rt)/ρ(r) is gauge invariant, the wave function as a functional of the density 
Ψ[ρ(rt)]/Ψ[ρ(r)], is also gauge invariant.  However, it is well known that the Hamiltonian 
H(t)/H and the wave function Ψ(t)/Ψ are gauge variant.  There is, therefore, an inherent 
inconsistency in the RG/HK theorem.  
 
In this paper we resolve this inconsistency in the RG/HK theorem via a unitary 
transformation or equivalently a gauge transformation.  We thereby prove 
 

(i) The wave function Ψ(Xt)/Ψ(X) in addition to being a functional of the density 
ρ(rt)/ρ(r) is also simultaneously a functional of a gauge function α(Rt)/α(R).  
This then makes the wave function functional gauge variant. 

(ii) The unitary transformation generalizes the RG/HK theorem to Hamiltonians 
H(t)/H that in addition to the scalar external potential include the momentum 
operator and a curl-free vector potential operator.   

(iii) The transformation proves that the bijectivity is between the density ρ(rt)/ρ(r) 
of a physical system and the Hamiltonian representation of that system: the 
Hamiltonian H(t)/H and the Hamiltonians H(t) + C(t)/H + C all correspond to 
the same physical system.  (Note that it is possible to construct [1, 2] an 
infinite number of Hamiltonians H(t)/H that differ by C(t)/C and correspond to 
different physical systems, but which all have the same density ρ(rt)/ρ(r).) 

(iv) The original RG/HK theorems then each constitute a special case of the more 
general description of the Hamiltonian. 

 
Other understandings achieved by the transformation will also be discussed. 
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